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High-fidelity aerodynamic design problems are not easily managed, and identifying all Pareto-optimal design

candidates is often unnecessary and computational exhaustive. We propose a variant of a multi-objective particle

swarm optimization algorithm that draws on the domain knowledge of the designer to obtain solutions of interest.

The swarm is guidedby a reference point,which is viewed as an intuitivemeans of expressing thedesigner’s preferred

level of compromise that can ideally be based on some existing or target design. This hybrid methodology enhances

the convergence proficiency and exploitation characteristics of the optimizer, due to the locally focused search effort.

The algorithm attempts to identify a partial spread of Pareto-optimal designs that provide the most resemblance to

the reference-point compromise. The algorithm is applied to a typical transonic airfoil design scenario in which the

PARSECparameterizationmodel is used to represent candidate airfoil geometry, and aReynolds-averagedNavier–

Stokes solver is used to compute the aerodynamic coefficients. A hypervolume performance metric is applied to

monitor convergence and solution spread. A data-mining technique using self-organizing maps is introduced and

applied for postoptimization tradeoff analyses. Sample design problems are presented that depict the computational

efficiency of the optimization framework and have the flexibility to adapt to disparate design philosophies.

I. Introduction

M ODERN design methods draw on extensive computing
facilities [1]. The significant progress achieved in automated

optimization and accurate modeling procedures has paved the way
for the development of innovative design strategies [2]. In the
aerospace sector, this methodology is applied in the design of a range
of aircraft systems and components and often encompasses multiple
disciplines and design philosophies [1,3]. A field that has benefited
considerably from automated design is airfoil aerodynamic shape
optimization, which is an integral element of the aircraft multi-
disciplinary optimization framework. Deterministic and stochastic
optimizers are coupled with variable-fidelity computational fluid
dynamics solvers for elaborate design syntheses [4–9]. This involves
applying an optimizer to identify the optimal perturbations to the
airfoil geometry to adhere to given objective(s).

Shape optimization of transonic airfoils is employed to limit shock
drag losses and reduce shock-induced boundary-layer instability at
the design Mach numberM and lift coefficient Cl. This often occurs
at the expense of excessive pitching moments Cm, due to aft loading
and performance degradation under offdesign conditions. To facil-
itate adequate performance over a multi-operational spectrum
requires a search algorithm that is capable of handling multiple
conflicting objectives, which follows the generic form [10],

min
x2S
f�x� � ff1�x�; . . . ; fm�x�g fi: R

n ! R (1)

cj�x� � 0; 8 j� 1; . . . ; p (2)

where shape parameterization tools are used to construct the airfoil
geometry mapped by the solution x� fx1; . . . ; xng, within the
n-dimensional design space S 2 Rn bounded by �xmin;xmax� and any
additional constraints cj imposed on the design space. The m
objectives fi represent the drag Cd at a specific design condition, or
perhaps the variation or fluctuation in drag over a design range. A
tradeoff solution is considered Pareto-optimal, if, from that point in
the design space, the value of any objective cannot be improved
without deteriorating at least one other objective. To mathematically
establish this concept, let two sets of decision vectors, a, b 2 S. The
decision vector a strictly dominates b (denoted by a � b) if

8 i 2 �1; . . . ; m�fi�a� � fi�b� and 9 i: fi�a�< fi�b� (3)

It follows that a feasible solution a	 is Pareto-optimal if there is no
other feasible solution a 2 S such that f�a� � f�a	�. The set of
Pareto-optimal solutions is called the Pareto front. Gradient-based
methods [11] or single-objective optimizers may be applied to
identify the most preferred solution from the Pareto front, by
aggregating the objectives into a single scalar using weights [12,13].
However, such approaches are sensitive to local minima present
within the objective landscape and generally require that the objec-
tive function is continuous and differentiable. Flexibility to the
designer is also limited, since multiple runs would be required to
generate a set of tradeoff solutions; furthermore, the equivalent
tradeoff solutions would not necessarily be representative of the
actual Pareto-optimal solutions [14].Alternatively, population-based
evolutionary multi-objective (EMO) algorithms [10] are able to
search for all Pareto-optimal solutions in one single run, providing
the designer greater flexibility in selecting the most appropriate
solution. Population-based heuristics have also gained much interest
with the advent of cluster-based systems, since the computation of
candidate groups is easily parallelized [1]. In this paper, an opti-
mization algorithm based on the particle swarm optimization (PSO)
heuristic is proposed. The PSO algorithm is a fairly recent addition to
the existing list of EMO methods, first introduced by Kennedy and
Eberhart [15]. We have selected PSO as it has proven to be an
effective technique to facilitate single-objective optimization prob-
lems for its convergence proficiency in managing discontinuous and
multimodal problems, as well as its quick and simple imple-
mentation. It has also since gained rapid popularity in the multi-
objective optimization community [16].
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Despite their reliability in global convergence, when confronted
with a computationally challenging multi-objective design problem
the performance of EMO methods may deteriorate, since they often
rely on an excessive number of function evaluations [17]. They can
become computationally intensive, since they are not guided by the
differential landscape of the objective functions. The hybridization or
fusion of different learning and adaptation techniques has the
capacity to overcome these individual limitations [17]. For example,
in aerodynamic design, researchers have integrated gradient-based
methods into EMO methods, so-called memetic algorithms [6,18–
20], to promote convergence and enhance exploitation. Focus has
also shifted toward the integration of surrogate modeling, to replace
the expensive solver [21–23]. In this paper, we propose a hybrid
multi-objective framework, which relies on designer-preferences.
Interactive methods incorporating designer-preferences originate
from multicriteria decision making literature and require various
levels of user input to obtain preferred solutions [24]. These classical
methods are often disregarded, since the required user inputs (e.g.,
targets or bias weights) are generally not known in advance. There
has, however, been increasing interest in coupling classical inter-
active methods to EMO algorithms as an intuitive way of specifying
user preferences [25,26]. In recent studies user-preference methods
have been applied to both genetic algorithms [27–29] and PSO [30].
All computing effort is thereby focused on preferred regions of the
Pareto landscape to find only solutions of interest to the designer.
This is advantageous for deceptive or multimodal landscapes or as
the number of objectives increase, which is characteristic of aero-
dynamic design problems.

In this research we have drawn on the progress achieved in
interactive optimization to develop a designer-driven airfoil design
synthesis. We present the framework of our user-preference multi-
objective particle swarm optimization (UP-MOPSO) algorithm. We
then highlight the proficiency of this algorithm in managing
transonic airfoil aerodynamic design problems of varying complex-
ity and fidelity, over a conventional unguided search. A comparison
mechanism using a hypervolume metric that measures convergence
and solution spread is introduced. A user-preference-based design
visualization module based on self-organizing maps (SOMs) is
introduced, to facilitate the postoptimization tradeoff analysis.
Conclusions are presented and avenues for future research are
proposed.

II. User-Preference Optimization Framework

The process flow-cart of our proposed optimization framework is
shown in Fig. 1. In transonic airfoil shape optimization, modi-
fications to existing or new geometries are performed iteratively to
conform to the best shape for a given objective or requirement. In a
direct optimization procedure for the stipulated operating condition,
deviations to the airfoil geometry will result in variations to the
pressure and shear stress distributions that ultimately yield variations
to the performance coefficients. The optimizer is used to determine
the necessary perturbations to the airfoil geometry in order to
minimize or maximize the desired performance coefficient(s) while
adhering to any shape or performance constraints.

A. UP-MOPSO Algorithm

The UP-MOPSO algorithm applies the dominance criteria to
explore the design space and identify the region of the global Pareto
front. A reference point is projected on to the Pareto landscape by the
designer to guide the search toward solutions of interest. This is an
intuitive method to express the designer’s preferred level of compro-
mise, which could be based on some existing or target design. The
multi-objective search effort is coordinated via a multi-objective
PSO algorithm, which is based on the choreography of bird flock.

The PSO architecture is derived from the social-psychological
tendency of individuals to learn from previous experience and
emulate the success of others. Particles are represented by
n-dimensional vectors xi and vi, which are the particle position and
velocity, respectively. Particles identify and exploit promising areas
of S via coordinated movement, from the performance rating
provided by the objective solver. There have been numerous modi-
fications to the canonical particle swarm algorithm, which affect
certain search characteristics [14]. It is advantageous to adopt a more
diverse search tactic, which is more likely to overcome premature
convergence so that particles do not commit prematurely to inferior
optima [31]. We present a variant of the multi-objective particle
swarm (MOPSO) heuristic, which incorporates user-defined
preferences to direct all computing effort on preferred regions of
the Pareto landscape. Implementing user preferences provides more
diversity in the search, by ranking solutions according to their
resemblance to the ideal compromise.

1. Particle Flight

In this research, the constriction type 1 framework proposed by
Clerc and Kennedy [32] has been adopted. The ith particle of the
swarm is accelerated toward its personal best position pi and the
global (or neighborhood) best position pg. The particle velocity
magnitude is initialized randomly in the interval �0;xmax 
 xmin�.
Half of the population’s direction is reversed by setting the velocity to
negative according to a coin toss. The updated position and velocity
vectors at time t� 1 are given by the following two equations:

vi;�t�1� � ��vi;�t� � ~R1�0; ’1� � �pi;�t� 
 xi;�t��

� ~R2�0; ’2� � �pg;�t� 
 xi;�t��� (4)

x i;�t�1� � xi;�t� � vi;�t�1� (5)

where ~R1�0; ’1� and ~R2�0; ’2� are two functions returning a vector of
uniform random numbers in the range �0; ’1� and �0; ’2�, respectively.
The constants ’1 and ’2 are set to ’=2 where ’� 4:1. The
constriction factor � applies a dampening effect as to how far the
particle explores within the search space, given as �� 2=j2

’ 


�����������������
’2 
 4’

p
j.

2. Integrating User Preferences

Pareto-optimal solutions are all classified as equally optimal,
hence there are several best solutions or swarm leaders. At each time
steps, the best representative front found by the particles is stored
within an archive [10,33]. Solutions in the archive are nondominated
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Fig. 1 User-preference airfoil shape optimization architecture.

CARRESE ETAL. 833



and have no record of constraint violation. Each solution within the
archive is identified as a possible leader. To provide additional
guidance in selecting candidates for leadership from the archive,
the reference-point method is adopted, following the work of
Wickramasinghe and Li [30]. This module provides an intuitive
criterion for selecting candidates for global leadership and assists the
swarm to identify only solutions of interest to the designer. The
guidance mechanism takes the form of a reference point �z, which is
used to construct a distance metric to be minimized for x 2 S:

minimize dz � max
i�1:m
f�fi�x� 
 �zi�g (6)

where �zi is the ith component of the reference point or the aspiration
value to the ith objective. The term wi is the weight value for the ith
fixed at one for the proceeding case studies. The designer generally
has no prior knowledge of the topology and location of the Pareto
front, therefore reference pointsmay be ideally placed in any feasible
or infeasible region, as shown in Fig. 2.

The reference point draws on the designer’s experience to express
a feasible compromise, rather than specific target values or goals.
Similarly, the reference-point distance metric ranks or assesses a
particle’s success using one single scalar, instead of an array of
objective values. Wickramasinghe and Li [34] later extended their
approach to handle many-objective problems by replacing the
dominance criteria entirely with the simpler and more efficient dz
distance metric. For our proposed algorithm, we apply the domi-
nance criteria concurrently with Eq. (6) to find a feasible set of
Pareto-optimal solutions with the most resemblance to �zi. Non-
dominated solutions are first sorted based on dz, of which the highest
ranking solutions are selected as candidates for leadership and
assigned randomly to each particle in the population. This will
provide the necessary selection pressure for particles to move toward
the preferred regions. The solution spread along the Pareto front is

controlled by �, as shown in Fig. 2. This parameter is defined as the
maximum variance of the solutions’ distance metric ��dz�. The
extent of the solution spread is directly proportional to �; evidently, as
the value of � increases, the influence of the reference-point location
diminishes.

3. Leader Selection

Swarm leaders are selected based on the position of nondominated
solutions. After every population update, the top 10% ranked archive
members are selected for leadership. Figure 3 shows a representative
set of nondominated solutions on a two-objective landscape
approaching the global Pareto front at time t. Since the solutions x1

and x5 lie outside the preferred region (i.e., specified by �),
candidates for leaders are selected using Eq. (6). If the repository
limit Nb is breached, solutions with the highest reference-point
distances have a high selection pressure for removal. To avoid
particle clustering a crowding distance metric is applied [33,35,36].
The crowding distance of a particle is an estimate to the density of
solutions in its immediate surroundings. It calculates the average
Euclidean distance of the solution with respect to all objectives. If all
nondominated solutions exist within the preferred region, global
leaders are obtained from candidates with the highest crowding
distance values. This ensures that particles within the swarm are
guided to explore sparsely populated areas. If the archive limit Nb is
breached, solutions with the lowest crowding distances have a high
selection pressure for removal. Particles in densely populated regions
are therefore more likely to be replaced by new nondominated
solutions.

4. Handling Constraints

When comparing particles for admission in the archive, a
constraint-dominance procedure is applied following the work of
Deb et al. [36]. For each particle, cj � �c1; . . . ; cp�, where p is the
number of constraints and cj � 0 is the violation of the constraint. A
solution a constraint dominates b if any of the following criteria are
met:

1) Solution a is feasible and solution b is not.
2) Both solutions a and b are infeasible but c�a�< c�b�.
3) Both solutions a and b are feasible but dz�a�< dz�b�.
Therefore, if both solutions are deemed to satisfy the constraint

values, the more preferred particle is admitted for entry. However, if
both particles are infeasible, the particle with the overall least
constraint violation is considered the better solution.

5. Stagnant Particle Mutation

Despite the additional guidance provided by user preferences and
the diversity inherent within the proposed topology, the search
proficiency of the swarm may deteriorate when confronted with a
highly multimodal problem [16]. It follows that as the velocity of the
particles approach zero (i.e., v! 0), the swarm is unable to generate

Fig. 2 User-preference particle swarm algorithm on a convex Pareto landscape.
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Fig. 3 Selection of leaders using reference-point method at time t.
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new leaders. This could lead to premature convergence as a result of
the swarm being trapped within a local front. Kennedy and Eberhart
[15] observed that the probability of such an occurrence may be
reduced by introducing some element of flight turbulence or
craziness. Turbulence, or mutation, issues a random variation in the
particle’s flight trajectory or position. The mutation operator (when
applied appropriately) is very effective at generating new leaders. If
mutation is incorrectly implemented, it becomes destructive and
deteriorates the natural explorative capabilities of the swarm.

A Gaussian mutation operator is applied to particles within the
archive. To ensure that the mutation is nondestructive, only mutated
particles that provide a lower dz are permitted for entry. Themutation
operator is triggered when archive solutions have become stagnant
for a number of successive time steps. The percentage of mutated
particles pmut, steadily reduces as the repository reaches maximum
capacity to avoid unnecessary evaluations. When a particle is
selected formutation, there is a 10%probability that a dimensionwill
be mutated. For a given parent i and dimension j, Gaussian mutation
is applied as follows:

xi;j � xi;j � N��; �2� (7)

where N��; �2� represents a random number of mean �� 0
generated from the normal distribution curve. The standard
deviation, �2 is initially given a value of 0.1 and steadily reduces to
0.05 as the algorithm advances to promote exploitation.

6. UP-MOPSO Pseudocode

The UP-MOPSO algorithm is summarized in the following steps.
The stopping criterion for the algorithm is based on the maximum
number of function evaluations as specified by the user.

1) Specify reference point �z and solution spread �.
2) Initialize the swarm population:

a) The position xi, velocity vi, and personal best position
pi � xi.

b) Evaluate each particle in the population; time steps t :� 0.
3) Time steps t :� t� 1.
4) Apply domination criteria to update archive, Q:

a) Calculate the distance metric dz [via Eq. (6)] of each swarm
particle.

b) Identify nondominated solutions and include in Q; if
��dz� � �, then rank Q by min dz, else rank Q by crowding
distance.

c) If Q limit is breached, if ��dz� � �, then rank Q by min dz,
else rank Q by crowding distance; lowest-ranked members are
removed.
5) Update swarm population:

a) Randomly assign highest-ranked members ofQ to particles.

b) Update particle position xi and velocity vi as per Eqs. (4) and
(5); evaluate each particle in the population.
6) Apply mutation operator if consistent improvement inQ is not

recorded.
7) Update pi if it dominates existing pi.
8) If not maximum number of evaluations reached, then goto 3.
Figures 4 and 5 demonstrate the UP-MOPSO algorithm applied to

benchmarkmathematical test functions. The ZTD3 [37] test function
has a discontinuous Pareto landscape, which is representative of
aerodynamic design problems. The DTLZ2 [38] test function is
multimodal and has a concave Pareto surface. A population of 100
particles is flown for 100 time steps, with �� 5 
 10
2. It is clearly
observed that only particles that are closest to the preferred regions
reside on the Pareto fronts.

B. Flow Solver

In this study, the general-purpose finite volume code FLUENT
[39] is used. A steady-state, fully coupled, pressure-based numerical
procedure is adopted with third-order discretization. Themomentum
equations and pressure-based continuity equation are solved con-
currently, with the Courant–Friedrichs–Lewy number set at 200. The
one-equation Spalart–Allmaras [40] turbulence model is adopted
with the assumption that turbulent flow acts over the entire airfoil.

GAMBIT is used to generate a parabolic C-type grid (see Fig. 6)
stretching 25 chord lengths aft and normal of the airfoil section.
Resolution of the C-grid is 460 
 65 providing an affordable mesh
size of approximately 30,000 elements. The first grid point is located
2:5 
 10
4 units normal to the airfoil surface, resulting in an average
y-plus value of 120. In the interest of robust and efficient convergence
rates, a full-multigrid initialization scheme is employed, with
coarsening of the grid to 30 cells. In the full-multigrid initialization
process, the Euler equations are solved using a first-order dis-
cretization to obtain a flowfield approximation before submitting to
the full iterative calculation. FLUENT simulations are performed in
parallel through the MATLAB Distributed Computing Server [41].

C. PARSEC Shape Parameterization

Airfoil geometry has been represented using a variety of methods.
In shape optimization, it is essential that a parameterization model be
concise and robust, yet flexible to increase breadth in the range of
shapes explored. Most importantly, however, airfoil parameter-
ization is an important contributing factor to the efficiency of the
design framework, since it will define the objective landscape and the
topology of the design space [42]. Coordinates have been directly
used to provide the contour of the airfoil geometry through
interpolationmethods such as B-splines [43], Bézier curves [44], and
nonuniform rational B-splines [45]. Despite the flexibility offered by
local parameterization methods, the large number of variables may
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Fig. 4 UP-MOPSO algorithm applied to the ZTD3 function.
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prove to deteriorate the convergence rate of global design models.
The development of efficient parameterization models has therefore
been given significant attention, to increase the flexibility of
geometrical control with a minimum number of design variables.

A common method for airfoil shape parameterization is the
PARSEC method [46]. It has the advantage of strict control over
important aerodynamic features, and it allows independent control
over the airfoil geometry for imposing shape constraints. In this
study, the modified PARSEC method is adopted from Jahangirian
and Shahrokhi [47]. Themodification includes an additional variable
to provide further control over the trailing-edge curvature. Additional
control at the trailing edge is beneficial in order to reduce the
probability of downstream boundary-layer separation, giving rise to
increased drag values.

Illustrated in Fig. 7 are the basic 11 parameters that are used to
completely define the profile geometry. The description and range of
each variable is shown in Table 1. The trailing-edge thickness
variable �zTE � 0 has been removed due to meshing constraints.
Furthermore, the trailing-edge coordinate zTE � 0 has been removed,

since the control that this variable provides is inherent within the
adopted modification, as shown in Fig. 8. The modification to the
trailing edge is applied to the upper and lower surfaces as follows:

�Z �
L � tan ��TE

2��
�1� � � x� 
 �1 
 x���� (8)

where the constants �, �, and � are set to 0.8, 2, and 6, respectively.
The modification is applied over the entire surface, such that
Lup � Llo � 1.

Given the designer’s refined knowledge about the occurring flow
phenomena, the PARSECparametersmay be restricted to conform to
a specific family of airfoils [6]. This is achieved through inverse
mapping of benchmark profiles that have been developed (either by
experimental or computational methods) to perform favorably in
transonic flow. Parameter ranges were determined (see Table 1) from
a statistical sample of the benchmark profiles. Defining the airfoil
boundaries through inverse mapping as opposed to arbitrarily
selecting boundaries is advantageous to bypass poorly performing
areas of the design space. A thickness constraint is explicitly defined
through the parameter ranges as approximately 9.75% of chord.

III. Experimental Validation

The computational efficiency of the UP-MOPSO algorithm is
highlighted through a series of computational experiments. The
experiments examine the ability of the framework to handle multiple
objectives and constraints and disparate operational requirements.

A. Hypervolume Metric

There are several popular performancemetrics tomonitor solution
spread and accuracy for multi-objective optimization [37]. However,
these metrics are only suitable for problems where the global Pareto
front is known a priori. For engineering design problems, and in
particular airfoil shape optimization problems, the global Pareto
front is generally unknown. Hence, a feasible performance metric is
required that does not rely on this information to compare various
algorithms. The hypervolume (HV) metric is one such method [48].
The HV metric provides a single measurement to assess both the
convergence and spread of solutions. For this application, the
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Fig. 6 RANS grid for transonic optimization case studies.

Table 1 PARSEC parameter ranges for transonic optimization

Designation Description Variable Lower Bound Upper Bound

1 Leading-edge radius rLE 0.0063 0.0151
2 Trailing-edge direction �TE 0.2405(-) 0.0026(-)
3 Trailing-edge wedge angle �TE 0.0655 0.2618
4 Upper-crest abscissa xup 0.3170 0.5250
5 Upper-crest ordinate zup 0.0497 0.0683
6 Upper-crest curvature zxxup 0.5135(-) 0.2393(-)

7 Lower-crest abscissa xlo 0.2835 0.3418
8 Lower-crest ordinate zlo 0.0603(-) 0.0478(-)
9 Lower-crest curvature zxxlo 0.2535 0.8405
10 Trailing-edge curvature ��TE 0.0080(-) 0.3696

Fig. 7 Original PARSEC method.

Fig. 8 Modified PARSEC method with additional trailing-edge

control.

836 CARRESE ETAL.



standard HV calculation procedure must be modified to include only
the solutions points within the preferred regions, not the entire Pareto
front.

The HV metric calculates the total volume bounded by the
solutions on the Pareto front and a selected point in the objective
space. The selected point is termed the nadir point. At the nadir point,
all objectives are at their worst values simultaneously. The nadir
point xnad is calculated as

x nad � �fnad1 �x�; . . . ; fnadM �x�� (9)

where

fnadi �x� � max
j�1;...;Ns

ffi�xj�g

The formal definition of HV is the Lebesgue measure � of the
union of all hypercubes ai defined by a nondominated point bi and
the nadir point xnad. The corresponding HV value is the sum of all
these volumes, as denoted in Fig. 9:

HV �B���

��[
i

aijbi 2B
��
��

�[
bi2B
fxjbi�x�xnadg

�
(10)

When conducting experimental validation with stochastic
algorithms, it is only justifiable that multiple runs are conducted, in
order to eliminate the influence of random occurrences. The nadir
point is calculated from the final combined population and is sub-
sequently used to obtain the HV curve for each independent simu-
lation. When comparing different algorithms, that which provides
the greatest HV value is considered to be superior, since it gives a
measure of both the spread and the closeness of the solution to the
Pareto front. For interactive optimization, the objective is to locate

nondominated solutions in preferred regions. The HV metric must
therefore be modified to account for such algorithms.

The Euclidean distance is calculated for each solution point in this
population from the ideal point. The solution point with the lowest
Euclidean distance is selected to define a volume. For a two-objective
minimization problem, the ideal point is positioned at �0; 0�. A
volume is then defined around the solution with the lowest Euclidean
distance, as demonstrated in Fig. 10. The value �0 is prescribed such
that a volume is defined having 2�0 for each objective. Solutions that
reside outside the preferred volume are simply excluded from the
calculation. The remaining solutions are used to obtain the nadir
point, which will be located within the defined volume. The calcu-
lation of the HV values for each independent run is then performed
using this common nadir point.

B. Experiments

Two computational experiments have been devised to compare the
UP-MOPSOalgorithmwith andwithout the reference-pointmethod.
Through these experiments, we are attempting to highlight the
benefits of incorporating the preferences of the designer within a
typical design optimization framework. We hereby refer to the UP-
MOPSO algorithm without the reference-point method as the
unguided algorithm. The flow solver adopted in the subsequent
experiments is a low-fidelity Euler solver. A C-grid resolution of
196 
 46 results in a cell count of approximately 9000. The Euler
solver is not computationally intensive and requires only a few
seconds per function evaluation, yet still captures important shock-
flow phenomena. The design space is bounded according to Table 1.
For all simulations, a swarmpopulation ofNs � 100 is initialized and
flown for t� 200 time steps. All objectives are to be minimized. For
each problem, two independent simulations are conducted, each for
theUP-MOPSOalgorithm and the unguided algorithm. ThefinalHV
calculation is a resultant of the average progress of each algorithm for
all independent simulations.

1. Multipoint Design

This experiment is illustrative of a multipoint design philosophy.
The objectives are tominimize f1 � Cd forM� 0:75 andCl � 0:70
and to minimize f2 � Cd for M� 0:79 and Cl � 0:40. The lift
constraint is not satisfied explicitly, due to the computational expense
involved to vary the incidence angle�within the solver environment.
Alternatively, there are an additional two decision variables for this
problem, which are the angles �f1 and �f2 2 �
1�; 1��. An additional
constraint on the moment coefficient is imposed as C2

m � 0:04 for
both operating conditions. The reference point is provided as
�z� �0:0062; 0:0033�, suggestively placing more emphasis on the
second objective. A solution spread of �� 5 
 10
3 is requested.

The average computational time required per time steps on an Intel
Core2 Duo 2.66 GHz CPU is approximately 40 min. The reference
point �z is observed to be situated in a dominated region of the Pareto
landscape. For this example, both algorithms have arrived to the
region of the global Pareto front, as shown in Fig. 11. However, as
dictated by Fig. 12, the UP-MOPSO algorithm is observed to have a
far superior convergence rate and provides a considerably more
precise set of solutions. The regionwhere theHVcurve is observed to
have a high gradient value suggests that the swarm is in the explo-
ration phase. As the algorithmprogresses, the small increments in the
HV value arise from the exploitation of individual solutions and
solution uniformity. It follows from Fig. 12 that the UP-MOPSO
algorithm arrives to the global Pareto front in 20% of the allocated
time steps as opposed to 70% for the unguided algorithm for this
problem.

The location of �z has resulted in more priority being placed on the
second design condition. If the aspiration value of the second design
condition were to be relaxed, the UP-MOPSO algorithmwould have
found airfoils that exhibit greater aerodynamic improvement at the
M� 0:75 condition. The reference point can therefore beviewed as a
means of expressing a feasible compromise, rather than target values.
Since the feasibility of the location of the reference point is not of

Fig. 9 Definition of hypercubes in a two-objective Pareto landscape.

Fig. 10 Volume bounded by solution closest to ideal point.
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concern, any suitable compromisemay be stipulated at the designer’s
discretion.

2. Robust Single-Point Design

This problem adopts a fairly simplistic single-point design
philosophy. The objectives are provided as f1 � Cd=C2

l and f2 �
C2
m for the design Mach number of M � 0:80. Additionally, the

algorithm is required to find solutions that do not exhibit a high drag
risewith an abrupt change invelocity, wheref3 � @Cd=@�10 �M� for
�M� 0:03. The angle � is varied within the range �
1�; 1��. The

reference point is given as �z� �0:025; 0:014; 0:012� with a solution
spread of �� 1 
 10
2.

The average computational time required per time steps on an Intel
Core2 Duo 2.66 GHz CPU is approximately 40 min. It is observed
from Fig. 13 that the benefits of adopting the UP-MOPSO algorithm
increase as the number of objectives are increased. The unguided
algorithm is shown to explore all regions of the Pareto landscape and,
as such, has resulted in premature convergence to a suboptimal front.
On the contrary, the UP-MOPSOwas observed to arrive at the global
Pareto front (despite the infeasible location of �z) within the allocated
number of time steps andwith sufficient time to exploit the individual
solutions found. Since theHVmetric shown in Fig. 14 is ameasure of
both convergence and solution spread, the increments in the HV
value as the algorithm progresses are accredited to improvements in
solution uniformity and spread.

IV. Design Problems

From the experiments conducted in the previous section, the UP-
MOPSO framework has shown to be adaptable to various design
philosophies, and the design space is sufficient to explore a wide
range of operating conditions. The interactive UP-MOPSO algo-
rithm provides a more proficient convergence rate and is also
observed to have greater exploitation characteristics over the
unguided algorithm. The following design cases are attempted using
the UP-MOPSO algorithm and the high-fidelity Reynolds-averaged
Navier–Stokes (RANS) solver.

A. Robust Single-Point Design

This problem is representative of the experiment conducted
in Sec. III.B.2. The algorithm is applied to the redesign of the

Fig. 11 Final Pareto solutions obtained for multipoint design.

Fig. 12 HV performance metrics for multipoint design.

Fig. 13 HV performance metrics for robust single-point design.

Fig. 14 Final Pareto fronts for robust single-point design.

Fig. 15 Final Pareto front for robust single-point transonic design.
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NASA-SC(2)0410 reference airfoil for an abrupt change in flow
velocity. The objectives are stipulated as f1 � Cd 
 104 and f2 �
C2
m forM� 0:79, Cl � 0:4, and f3 � @Cd=@�10 �M� for an abrupt

change in �M of 0.03. The angle � is varied within the range
�
1�; 1��. The aspiration values are obtained using the RANS solver,
given as �z� �85:1; 0:0106; 0:0297�.

A swarm population of Ns � 100 is flown in parallel for t� 200
time steps. A limit is placed on the repository as Nb � 75. For any t,
the number of particles selected for mutation is restricted to 30. The
simulation is performed with 10 cores using the Tango cluster of the
Victorian Partnership for Advanced Computing (VPAC). Each
compute node has two AMD Barcelona 2.3 GHz quad core

processors. The average computational time required per time steps
is approximately 1.25 h. The optimization sequence was terminated
after t� 125 time steps. It is observed from Figs. 15 and 16 that the
algorithm begins to enter and populate the preferred region of the
global Pareto front by t� 35, beyond which the small increments in
the HV value are a resultant of the algorithm improving solution
uniformity and precision. The algorithmwas terminated at this stage,
since no improvement in the preferred solutions was observed.

The concept of the user-preferencemodule also provides a feasible
means of selecting the most appropriate solutions [21]. For example,
solutions may be ranked according to how well they represent the
compromise provided by �z. The reference-point distance also
provides a feasiblemeans of selecting themost appropriate solutions.
For example, solutions may be ranked according to how well they
represent the reference-point compromise. To illustrate this concept,
we use a multidimensional data-mining technique. In this study, we
use SOMs to visualize the interaction of the objectives with the
reference-point compromise. Clustering SOM techniques are based
on a technique of unsupervised artificial neural network [49] that can
classify, organize and visualize large sets of data from a high-to-low
dimensional space [6,50]. A neuron is associated with a weighted
vector ofm inputs. Each neuron is connected to its adjacent neurons
by a neighborhood relation and forms a two-dimensional hexagonal
topology. The learning algorithm within SOM will attempt to
increase the correlation between neighboring neurons to provide a
global representation of all solutions and their corresponding resem-
blance to the reference-point compromise [50].

The SOManalyses have been conducted usingViscovery SOMine
5.2. The axes have no meaning, and the two-dimensionality of the
charts is to facilitate a qualitative visual analysis. Figure 17 features
the postoptimization SOM tradeoff study, organized by six SOM-
ward clusters. Solutions that yield negativedz values indicate success
in improvement over each aspiration value. Solutions with positive

a) SOM colored by f1 b) SOM colored by f2 c) SOM colored by f3 d) SOM colored by dz

Fig. 17 SOM charts to visualize optimal tradeoffs between objectives (lighter shading denotes value minima).

Fig. 16 HV performance curve for robust single-point transonic

design.

a) Airfoil geometry b) Pressure distribution for M = 0.79, Cl = 0.4

Fig. 18 Comparison between preferred solution and reference NASA-SC(2)0410 airfoil.
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dz values do not surpass each aspirationvalue, but provide significant
improvement in at least one other objective. Each of the node values
represent one possible Pareto-optimal solution that the designer may
select. The SOM chart colored by dz is a measure of how far a
solution deviates from the preferred compromise. However, the
concept of the preferred region ensures that only solutions that
slightly deviate from the compromise dictated by �z are identified.
Following the SOM charts, it is possible to visualize the preferred
compromise between the design objectives that is obtained. The chart
of dz closely follows the f1 chart, which suggests that this objective
has the highest priority. If the designer were inclined toward another
specific design objective, then perhaps solutions that place more
emphasis on the other objectives should be considered.

For this problem, the preferred airfoil is selected to be that with the
lowest dz. The preferred airfoil geometry is shown in Fig. 18a in
comparison with the NASA-SC(2)0410. The preferred airfoil has a
thickness of 9.81% chord and maintains a moderate curvature over
the entire upper surface. There is relatively no aft curvature on the
lower surface and trailing edge, which results in a reducedCm value.
For the specified design condition, the airfoil requires an angle
�� 0:812� to satisfy the lift constraint. Values for the objective
functions are displayed in Table 2. The preferred airfoil has a
significantly weaker shock in comparison with the NASA-SC(2)
0410 reference airfoil, highlighted by theCp distributions of Fig. 18b
and the static pressure contours of Fig. 19b.

An improvement of 4.1, 30.7, and 11.1% is recorded over the
respective aspiration values. Referring to Fig. 18b, the reduction in
Cd is attributed to the significantlyweaker shock that appears slightly
downstream of the supercritical shock position. This is pre-
dominately due to the upper-surface curvature, which does not
produce excessive acceleration. The improvement in Cm is clearly
visible from the reduction in aft loading. Along with the improve-
ment at the required design condition, the preferred airfoil exhibits a
lower Cd rise by comparison. The objective considers an abrupt
change in Mach number, which implies that Cl is not corrected.
Figure 20 shows the Cd distribution with Mach number for the
preferred airfoil compared with the reference airfoil. Also demon-
strated is the solution that provides the most robust design. The most
robust design is clearly not obtained at the expense of poor
performance at the design condition, due to the compromising
influence of �z.

B. Multipoint Design

The multipoint problem established in Sec. III.B.1 is extended to
incorporate a third design point. The objectives are to minimize

f1 � Cd for M� 0:75 andCl � 0:70, f2 � Cd for M� 0:78 and
Cl � 0:60, and f3 � Cd for M� 0:84 and Cl � 0:40. A constraint
on the moment coefficient is imposed as C2

m � 0:04 for each
operating condition. In this case, there are an additional three
decisionvariables for this problem,which are the angles�f1 ,�f2 , and
�f3 2 �
1�; 1��. The aspiration values are obtained from NASA-SC
(2) airfoil RANS results, as shown in Table 3. A solution spread of
�� 5 
 10
3 is requested.

A swarm population of Ns � 100 is flown in parallel for a
maximum number of tmax � 200 time steps. The simulation is again
performed with 10 cores using the VPAC Tango cluster, yielding an
average computational time per time steps of approximately 1.75 h.
The optimization sequence was terminated after t� 150 time steps,
since no improvement in the 75 obtained Pareto-optimal solutions
(shown in Fig. 21) was recorded.

Table 2 Preferred airfoil results for robust single-point transonic design

Airfoil M Cl Cd 
 104 Cm @Cd=@�10 �M�
Preferred 0.79 0.40 81.7 
0:0713 0.0264 at �M� 0:03
NASA-SC(2) 0410 0.79 0.40 85.1 
0:103 0.0297 at �M� 0:03

a) NASA-SC(2) 0410 reference airfoil b) Preferred airfoil

Fig. 19 Static pressure contours for M � 0:79 design condition.

Fig. 20 Drag rise curves for abrupt changes in Mach number.

Table 3 NASA-SC(2) RANS results used as

aspiration values for multipoint design

Airfoil M Cl Cd 
 104

NASA-SC(2) 0712 0.75 0.70 117.9
NASA-SC(2) 0610 0.78 0.60 104.7
NASA-SC(2) 0410 0.84 0.40 235.1
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From the HV performance curve shown in Fig. 22, candidate
solutions are not observed to enter within the preferred region until
t� 42. To illustrate where the Pareto-optima are located within the
landscape, a box plot is generated of the Pareto-optimal solutions in
Fig. 23. The design space is normalized to �0; 1�n for best visu-
alization. Figure 23 indicates that for all solutions, the leading-edge
radius rLE is situated at the upper bound of the permitted design
space. The high rLE shifts the pressure peak toward the leading edge
and helps to maintain nonexcessive flow acceleration that results in
decreased shock losses. This is also evident by the mild upper-
surface curvature zxxup recorded, resulting in a relatively flat upper

surface. The trailing-edge direction �TE is observed to increase to
generate sufficient positive camber in the aft section to meet the
required lift constraints. This is coupled with a mild increase in the
trailing-edge curvature. The most active variable is zxxlo , which has
the largest design range. Slight deviations in performance at various
conditions are hence primarily attributed to the curvature of the
lower surface.

The algorithm has been successful in obtaining solutions that
exhibit improved aerodynamic performance over each reference
airfoil in their respective operating conditions, while satisfying
constraints. A similar SOM analysis is conducted to visualize
tradeoffs between the design objectives and their respective resem-
blance to the reference-point compromise. A two-dimensional repre-
sentation of the data is presented in Fig. 24, organized by seven
SOM-ward clusters. For this case study, it is not immediately
recognizable as to which objective holds the highest priority, sug-
gesting that the reference point places a similar weighting on all
design objectives. However, by placing more emphasis on a
particular design objective, the deviation from the preferred compro-
mise is immediately identified by closely observing the SOM charts.

As per the previous case study, our most preferred solution is
selected as that which provides the most resemblance in compromise
to �z. Table 4 compares the results obtained from the preferred airfoil
against the NASA-SC(2) reference airfoils.

The preferred solution provides significant improvement across all
three design conditions. If the designer were inclined toward a partic-
ular design condition, the solution spread provides the flexibility to
select another suitable airfoil, one that perhaps yields greater
improvement in a preferred design condition. Figures 25–27 com-
pare the preferred airfoil against all three reference airfoils, with the
respective Cp distributions. For the first two design conditions,
the location of the shock is shifted forward in comparison with the
NASA-SC(2) airfoils, however, the magnitude is significantly
weaker, which is evident from the improvement in drag obtained.
The third design condition is shown to produce a large pressure

Fig. 21 Final Pareto front for multipoint transonic design.

Fig. 22 HV performance curve for multipoint transonic design.

Fig. 23 Box plot of final Pareto-optimal design variables.

a) SOM colored by f1 b) SOM colored by f2 c) SOM colored by f3 d) SOM colored by dz

Fig. 24 SOM charts to visualize optimal tradeoffs between objectives (lighter shading denotes value minima).

Table 4 Performance comparison of the preferred airfoil against

NASA-SC(2) reference airfoils

Condition Reference Cd 
 104 Angle � Improvement

M� 0:75, Cl � 0:7 0712 111.9 0.357 5.1%

M� 0:78, Cl � 0:6 0610 96.3 
0:369 8.0%
M� 0:84, Cl � 0:4 0410 227.05 
0:926 3.4%

CARRESE ETAL. 841



differential in the aft section, causing the moment constraint to be
active. This poor design could be improved by placingmore stringent
priority on the third design condition.

V. Conclusions

This paper presented an efficient strategy to incorporate designer-
driven preferences into a multi-objective particle swarm algorithm
for airfoil design. Particles in the swarm communicate and
coordinate themselves within the design space through distributed

learning. A reference point is stipulated by the designer, which can
ideally be based on an existing or target design. The reference-point
module provides an effective guidancemechanism for the swarm, by
selecting candidates for swarm leaders based on an inexpensive
reference-point distance metric. This results in a final set of Pareto-
optimal solutions that provide the most resemblance in compromise
to the reference point. The increase in computational efficiency is
attributed to the fact that the framework uses the knowledge pos-
sessed by the designer. The solutions obtained are hence reflective of
the designer’s preferred interest.

Fig. 25 Comparison of preferred airfoil with NASA-SC(2) 0712 for M � 0:75, Cl � 0:7.

Fig. 26 Comparison of preferred airfoil with NASA-SC(2)0610 for M � 0:78, Cl � 0:6.

Fig. 27 Comparison of preferred airfoil with NASA-SC(2)0410 for M � 0:84, Cl � 0:4.
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The optimization framework was applied to the design of
transonic airfoils over a multi-operational spectrum. Experiments
were conducted using a low-fidelity Euler solver. The two algorithms
were compared using a hypervolume performance metric that
provides a measure of both solution spread and convergence. The
interactive UP-MOPSO algorithm proved to be more proficient in
convergence over the unguided algorithm and provided greater
precision in the exploitation of individual solutions. The UP-
MOPSO algorithm was also applied to a higher-fidelity design case
study, incorporating a Reynolds-averaged Navier–Stokes (RANS)
flow solver. The reference points were ideally selected as an existing
supercritical airfoil, in an attempt to improve on the performance
characteristics of the airfoils, while maintaining a similar level of
compromise between the design objectives. Simulations were
performed in parallel using a high-performance cluster. Final results
were observed to offer significant improvement over existing tran-
sonic designs for a range of operating conditions. The addition of
user preferences was also observed to provide an intuitive means of
selecting themost preferred solution. Avisual tradeoff analysis using
self-organizing maps was applied to screen through the identified
solutions and quantify their resemblance to the reference-point
compromise.

While the algorithm presented in this paper proved effective over
the defined experimental test cases, no mathematical proofs of
convergence are available at this time, nor has the performance of this
algorithm over other interactive methods been examined, potentially
warranting more research in this direction. Further studies could also
evaluate alternative stopping criteria and the performance of the
algorithm on larger-scale optimization problems. Further studies
could also be conducted on performing preoptimization SOM
analyses, to distinguish the correlation of the design space with the
reference point, by use of the distancemetric. This will allow for easy
extraction of information from the design space, since the reference-
point distance metric is a means of ranking or assessing the
performance of a design using a single scalar, instead of an array of
objective values. Such a visualization technique has the capacity to
significantly aid the optimization process and will be a subject for
future research.
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